Abstract. Recently, Lin introduced two new partition functions PD t (n) and PDO t (n), which count the total number of tagged parts over all partitions of n with designated summands and the total number of tagged parts over all partitions of n with designated summands in which all parts are odd. Lin also proved some congruences modulo 3 and 9 for PD t (n) and PDO t (n), and conjectured some congruences modulo 8. Very recently, Adansie, Chern, and Xia found two new infinite families of congruences modulo 9 for PD t (n). In this paper, we prove the congruences modulo 8 conjectured by Lin and also find many new congruences and infinite families of congruences modulo some small powers of 2.
Introduction
In [2] , Andrews, Lewis and Lovejoy introduced and studied a new class of partitions, partitions with designated summands. Partitions with designated summands are constructed by taking ordinary partitions and tagging exactly one of each part size. The total number of partitions of n with designated summands is denoted by PD(n). Hence, PD(4) = 10. Andrews, Lewis and Lovejoy [2] also studied PDO(n), the number of partitions of n with designated summands in which all parts are odd. From the above example, PDO(4) = 5. Further studies on PD(n) and PDO(n) were carried out by Chen, Ji, Jin, and Shen [9] , Baruah and Ojah [5] , and Xia [12] . Recently, Lin [11] introduced two new partition functions PD t (n) and PDO t (n), which count the total number of tagged parts over all partitions of n with designated summands and the total number of tagged parts over all partitions of n with designated summands in which all parts are odd, respectively. From the partitions of 4 with designated summands given above, we note that PD t (4) = 13 and PDO t (4) = 6. Lin [11] proved that the generating functions of PD t (n) and PDO t (n) are ∞ n=0 PD t (n)q n = 1 2
where, and the sequel,
(1 − aq n−1 ).
He also derived several congruences modulo small powers of 3 for PD t (n) and PDO t (n). For example, for any nonnegative integers n and k,
PDO t (36n) ≡ 0 (mod 27), PDO t (36n + 24) ≡ 0 (mod 27),
where a = 1, 2, 3, 4. Very recently, Adansie, Chern and Xia [1] found the following two infinite families of congruences modulo 9.
For any nonnegative integers n and k,
and PD t ((3 2k+1 (9n + 7)) ≡ 0 (mod 9).
By analyzing a large number of values of PD t (n) and PDO t (n) via MAPLE, Lin [11] further speculated the existence of congruences modulo small powers of 2. For example, he conjectured that, for any nonnegative integer n,
(1.5)
and PDO t (8n + 7) ≡ 0 (mod 8).
(1.8)
In this paper, we prove the above congruences and also find the following exact generating functions of PDO t (8n + 6) and PDO t (8n + 7) that immediately implies the congruences (1.7) and (1.8).
Theorem 1.1. For any nonnegative integer n, we have 12) where the product representations of the above arise from Jacobi's famous triple product identity [6, p. 39, Entry 19].
We also find many congruences and infinite families of congruences modulo 2 and 4 as stated in the following theorems. Theorem 1.2. For any nonnegative integer n, we have 
The congruences in the next theorem arise from the successive 2-and 3-dissections of the generating function of PD t (12n). Theorem 1.3. For any nonnegative integers k, ℓ and n, we have
From the previous theorem, we have the following infinite families of congruences.
Corollary 1.4. For any positive integers k, ℓ and any nonnegative integer n, we have
Proof. Congruences respectively. From (1.21) and the above congruences, we easily arrive at the first four infinite families of congruences of the corollary. Since the other congruences can also be proved in a similar way, we omit the details.
The congruences in the next theorem arise from the successive 2-and 3-dissections of the generating function of PD t (12n + 6). Theorem 1.5. For any nonnegative integers n and k, we have
The following infinite family of congruences follow readily from the above theorem.
Corollary 1.6. For any nonnegative integers n and k, we have 
and
More such congruences modulo combined powers of 2 and 3 may be stated. We do not record them explicitly here.
We organize the rest of the paper as follows. In Section 2, we present some 2-and 3-dissections that will be used in the subsequent sections. In Section 3, we prove Theorem 1.1 whereas Section 4 is devoted to proving the congruences (1.5) and (1.6). In Sections 5-7, we present the proofs of our new congruences in Theorems 1.2-1.5, respectively.
Some 2-and 3-dissections
In this section, we present various 2-and 3-dissections that will be used in the subsequent sections.
The following 2-dissections easily follow from (1.11) and [6, p. 40, Entry 25].
3)
10)
, (2.11) In the next lemma, we recall 3-dissections of ϕ(q) and ψ(q) from [6, p. 49, Corollary].
Lemma 2.3. We have
where f (a, b) is Ramanujan's general theta function defined by
In the following lemma, we recall four useful 3-dissections from [6, .
We end this section by noting the following congruences which can be easily established by the binomial theorem:
We will frequently use the above congruences in the subsequent sections without referring.
Proof of Theorem 1.1
Employing the 2-dissection (2.10) in the generating function (1.2) of PDO t (n) and then extracting the even and odd terms, we find that
respectively. Using the 2-dissection (2.8) in (3.1) and then extracting the odd terms from both sides, we have
where the last equality is due to (1.11). Now, replacing q by −q 3 (2.4), we have
Since ϕ(q)ϕ(−q) = ϕ 2 (−q 2 ), we also see from (2.4) that
Employing (3.4) and (3.5) in (3.3), and then extracting the odd terms from both sides of the above, we obtain (1.9). Now we prove (1.10). To this end, employing the 2-dissection (2.2) in (3.2) and then extracting the odd terms, we have
With the aid of (1.11) and (2.3), we rewrite the above as
Now, from [6, p. 232], we recall that
Therefore,
which can be recast as ϕ(−q 3 )
With the aid of (2.3), we can easily see that
Thus, (3.8) becomes
Next, from (3.7), we have
But, again from [6, p. 232], we recall that
Therefore, (3.10) becomes
which can be rewritten in the form
Employing (3.9) and (3.11) in (3.6), we have
Extracting the odd powers of q from both sides of the above, we arrive at (1.10) to finish the proof.
Remark 3.1. From (3.1) and (3.2), it follows that
and PDO t (4n + 3) ≡ 0 (mod 2).
4. Proofs of (1.5) and (1.6)
Employing the 3-dissections (2.19) and (2.20) in the generating function (1.1) of PD t (n) and then extracting the terms involving q 3n+1 , we find that
But, from [6, pp. 345-346, Entries 1(iv) and (v)], it follows that
Now, we recall from [6, p.101, Theorem 2.13] that
which, with q replaced by −q, gives
Employing the previous two identities in (4.1), we obtain
Now, from [10, Eq. (1.34)], we have
and hence, a(q)a(−q) = a(q
Applying the previous identity and (2.2) in (4.2), and picking up the terms involving q 2n+1 from both sides, we find that In the remaining part of the proof we achieve it. Applying (2.5) in (4.5), we find that The last congruence readily imply (1.14) after extracting the odd powers of q from both sides. Equating the coefficients of q 3n+1 and q 3n+2 from both sides of the above, we also have PD t (36n + 21) ≡ PD t (36n + 33) ≡ 0 (mod 2), which are weaker versions of (1.18) and (1.19).
On the other hand, extraction of the terms involving q 6n from both sides of (5.10) gives ∞ n=0 PD t (72n + 9)q n ≡ f
Extracting the odd terms from above, we derive (1.25). Now, extracting the even and odd powers of q from both sides of (6.7), we obtain 
